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ABSTRACT

Blood pressure regulation by the cardiovascular system
is a complex physiological process. Cardiovascular mo-
deling can offer a valuable insight often beyond the
reach of experiments. In this study we provide a new
mathematical model of the afferent component of the
baroreflex feedback system. The model takes advantage
of the so-called quasi-linear viscoelastic theory, which
has been widely used to describe the nonlinear viscoe-
lastic response of living tissue. It also uses a simple in-
tegrate-and-fire model to predict the baroreceptor re-
sponse and therefore takes into account the conceptual
structure of the baroreceptor. Our objective is to test our
new baroreceptor model for its ability to reproduce ex-
perimental data qualitatively and demonstrate known
pressure-response relationships. We also highlight that
the model can be coupled with an existing model of the
efferent pathways, eventually predicting heart rate.

Keywords: heart rate regulation, baroreflex, blood pres-
sure dynamics, mathematical modeling

1. INTRODUCTION

Understanding the cardiovascular control system is cru-
cial for gaining more insight into the physiology not on-
ly for the healthy individual, but also in order to detect
pathologies. Its main role is to provide adequate perfu-
sion of all tissues, which is achieved by maintaining
blood flow and pressure at a fairly constant level. To ac-
complish this, a number of control mechanisms are im-
posed regulating vascular resistance, compliance, pum-
ping efficiency and frequency. An important contributor
to this control system is the baroreflex (or baroreceptor
reflex), which uses specialized neurons called barore-
ceptors for signaling. The baroreceptor neurons are ac-
tivated via mechano-sensitive channels located in the a-
ortic arch and carotid sinuses. It is believed that the ba-
roreceptor nerves are the main contributer to the short-
term regulation of vascular efferents including: heart ra-
te, cardiac contractility, and vascular resistance and ves-
sel tone (Levick 2010).

Prediction of heart rate from blood pressure invol-
ves two main pathways: afferent and efferent. Afferent
pathways integrate firing of the baroreceptors in the nu-
cleus solitary tract. Efferent pathways modulate sympa-
thetic and parasympathetic signals, which lead to re-
lease or inhibition of the neuro-transmitters: acetylcho-

line and noradrenaline, which in turn modulate the ef-
fectors. In this study, we focus on regulation of heart ra-
te. See Figure 1 for overall, conceptual division of the
model predicting heart rate.
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Figure 1: Conceptual division of the mathematical mo-
del for the baroreflex feedback control of heart rate.

This study focuses on analyzing qualitative aspects
of a new model for the afferent signaling, whereas the
efferent dynamics can be predicted using either the exis-
ting model developed by Olufsen et al. [2006], or any
other model. In Section 2, after reviewing the main qua-
litative characteristics of the baroreceptor dynamics we
introduce our model, which will be analyzed and dis-
cussed in Section 3.

2. METHODS

In this section we describe the principal physiological
elements of the baroreceptors; identify the most promi-
nent qualitative features of their discharge observed in
experiments; and introduce a mathematical model that
reflects all those characteristics.

2.1. Basic physiological facts and experiments

For most mammals baroreceptors are found in the aortic
arch and the carotid sinuses (Sharwood 2001). These
neurons are stimulated via activation of stretch recep-
tors, which are able to detect changes in the wall strain
induced by changes in blood pressure. Besides water,
which makes up to 70% of arterial wall, it consists of:
muscles, elastin, collagen and ground substance. The
wall is commonly divided into three layers: the funica
intima, a thin layer of endothelial cells lining the arterial
wall; the tunica media (the middle layer), the primary
contributor to the arterial wall deformation; and the
tunica adventitia (the outer layer) connecting the ves-
sels to their surrounding tissue. Understanding the me-
chanics and the viscoelastic properties of the arterial
wall is essential for modeling the baroreceptor response.
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Although some characteristics of the baroreceptor
response depend on their type, e.g., whether they have
myelinated or unmyelinated axons (Brown 1978), it is
possible to identify a number of common signaling pat-
terns. The most prominent static and dynamic charac-
teristics include: saturation, threshold (Seagard et al.
1990), adaptation (Brown 1980), hysteresis, post-excita-
tory depression (PED) (Brown 1980) and sensitivity to
the rate of change of the stimulus (Landgren 1952). It is
clear that any complete, baroreceptor model should be
able to reflect these important features. Therefore, we
first review them in more detail.

Adaptation: If the pressure changes and resets at a
new constant value, the baroreceptor-firing rate follows,
reaching a new steady state (Landgren 1952). The fre-
quency of the steady discharge is the same whether the
new pressure level is reached form a higher or a lower
pressure (Brown et al. 1976, Sleight 1980).

Saturation: As pressure increases so does the firing
rate, but after a certain increase no further firing rate in-
crease is observed with the increase of the input (Land-
gren 1952). A constant decrease of the pressure results
in a decrease of the firing rate, first in an almost linear
and then in a hyperbolic manner tending toward some
limiting value (Coleridge et. al. 1981). It has also been
observed that the saturation level strongly depends on
the type of the baroreceptor (Seagard et. al. 1990, Van
Brederode et al. 1990).

Threshold: The increase of pressure from zero does
not result in an immediate response. The nerves do not
start to fire until the pressure crosses a certain threshold
value.

Asymmetry: A difference in the response to a rising
and falling pressure is referred to, in general, as asym-
metry or hysteresis (Bronk and Stella 1932). In particu-
lar, periodic inputs (such as a triangular or sinusoidal
wave) produce loops in the pressure-frequency response
causing asymmetry also referred to as hysteresis (Cole-
ridge et al. 1981).

Post-Excitatory Depression (PED): After a step de-
crease in pressure, firing may cease for some seconds,
followed by a recovery to the steady state firing rate,
commensurating with the new established pressure level
(Brown 1980). It has been observed that the length of
the pause (also denoted the refractory period) depends
on the depth of the pressure drop (Wang et al. 1991).

2.2. Afferent dynamics — the model

One of the first attempts to quantitatively describe the
activity of baroreceptors goes back to Landgren (Land-
gren 1952). Since than, a number of models have been
proposed. Unfortunately most of them are not able to
reflect all of the known qualitative features of the re-
sponse (Spickler and Kezdi 1967) or have no biological
foundations (Taher et al. 1988). Still other models treat
the prediction of baroreflex firing purely from the me-
chanical perspective, and thus offering very superficial
or no description of the neural part of the response
(Srinivasan and Nudelman 1972, 1973).

In this study, the modeling processes involved with

predicting baroreceptor firing (described later in this
section) will reflect the conceptual division of the
afferent pathways including: arterial wall deformation
(wall strain); nerve ending deformation (nerve strain);
and action potential formation (firing rate). To be more
precise, given an arterial pressure p(t) we will model
the viscoelastic response of the arterial wall &, (t),
which will be used as an input to obtain the current
generated along the axons I(t), which will be integrated
to predict the baroreceptor firing rate f(t). The sections
below describe each of these components in detail.

Arterial wall deformation

Most models predicting the viscoelastic response of the
arterial wall due to changing pressure are formulated as
linear models involving springs and dashpots. It was
observed by Fung (Fung 1993), that biological tissues
are not elastic, but that the history of the vessel strain
affects the stress. Moreover, he observed that there is a
difference in stress response between loading and un-
loading. Generalizing the linear viscoelastic theory,
Fung introduced the so-called quasi-viscoelastic theory
(QLV), which has been successfully used in modeling
stress-strain relationship of the arterial wall (Valdez-
Jasso et al. 2009-2011). We shall use the QLV theory in
order to model the strain of the arterial wall to changes
in pressure. We proceed under the assumption the
arterial wall can be modeled as a homogeneous and iso-
tropic cylindrical vessel with a thin wall (Fung 1996).
For such a vessel, the wall strain can be predicted as a
function of pressure given by

ds°[p(¥)] p

e = | Ke—p=gar,

where following (Valdez-Jasso, 2009) the creep func-
tion K (t) is given by

t
K(t) =1—Aje b1,
with the elastic response s [p(t)] defined by

k k
SOpE) = 1- J—Am’ ©ra)
Anp*(t) + Agak
In this equation A,, and A, (cm?) denote the maximal
and zero pressure cross-sectional area of the vessel, res-
pectively, @ (mmHg) denotes the characteristic pressure
at which the vessel starts to saturate, and k denotes the
steepness of rise of the sigmoid curve.

Nerve ending deformation

The stimulation of baroreceptor firing is probably the
least understood element of the afferent pathway and
therefore in most models it is either omitted or treated
superficially. Our modeling process is based on the
observation that the barorerecptor firing rate is sensitive
not only to the intrasinus mean pressure, but also to its
rate of change (Ursino 1999). Moreover, we assume that
the adaptation process is due to the coupling of the
baroreceptor nerve with the wall. Thus, we propose to
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model the stretch of the baroreceptors by the following
simple dynamical system

dx;
E = =Xy T AXp T V1€
dx,
ar = —3X] — AuXy T Vo€,

where ay, ..., a, and y;, ¥, are parameters. In particular,
if the parameters of this system are written as

o BB B BB
M M2 M M2
_E _E
%= ur w4 = n2’
_Es(my+ 1) _E
e n1M2 ’ 2 n2’

it can be interpreted as a linear viscoelastic model with
a spring and two Voigt bodies in parallel, where x,, x,
are denote the relative displacement from the rest posi-
tion. Similar ideas have been used in the context of ba-
roreceptor modeling in (Alfrey 1997, Bugenhagen et al.
2010), and before that for the modeling the muscle spin-
dle dynamics (Houk et al. 1966, Hasan 1983). Follow-
ing this idea, the strain sensed by the nerve ending of
the receptors due to the changing strain of the arterial
wall is given by

5(t) =g, (t) — x4.

We incorporate a simple mechanism for the threshold,
predicting the input current I(t) needed to stimulate the
neuron by

~ 0 it 6<d
I(t) h {51(8 - 526”1) if 6= 6th‘

where sq, s, and 8, are parameters.

Firing rate

Finally, the neural part of the baroreceptor is predicted
using a simple integrate-and-fire model described by the
first-order differential equation

CYN
74‘ U(t)—](t),

where G and C represent the neuron’s membrane con-
ductance and capacitance, respectively. It is assumed
that the neuron fires if the voltage on the membrane
reaches the threshold value V). In other words, when
v(t) = V;, an action potential is generated and the ca-
pacitor voltage is reset to zero. Simple computation
shows that for a constant stimulus, the time it takes to
integrate the model from 0 to Vy, is given by

B C1 1(t)
T=gle (1(0 - cm) ‘

It is well known that after an action potential has oc-
curred the neuron cannot fire for several milliseconds
(Izhikevich 2007). This time is generally referred to as

the refractory period, which we denote by t,..¢. The re-
fractory period t,.f, can be added to T giving

1 1
f = —— =
T 1(t)
tlog (—I(t) — GVth> + Vi

where T = C/G. We note that for a sufficiently large
current /(t), the term involving the /og function is arbi-
trary small. Thus because of the refractory period, the
maximum firing rate is given by (Chen 2004)

1
tref'

’

fsat =

2.3. Efferent responses: heart rate dynamics

For the sake of completeness we point out how the affe-
rent and efferent parts can be used to predict the heart
rate. Following (Olufsen et al. 2006) the sympathetic
and parasympathetic tone can be predicted as

1-f(t—-r1
Tpar — L' Tsym — M’
N N

where N is the baseline firing rate and 7, is a delay for
sympathetic stimulation. Stimulation of sympathetic
and parasympathetic outflow modulate the concentra-
tion of the neurotransmitters acetylcholine C,., and
noradrenaline C,,,, which can be predicted from the
differential equations

dCach _ Tpar — Cacn anor _ Tsym — Cor

dt Tach ' dt Tnor '

where t; denotes characteristic timescales. Finally, heart
rate H can be computed as

H = Hy(1 = MporCror + MporCnor),

where H) is the baseline firing rate and M; are constants
weighting each of the neurotransmitters.

3. QUALITATIVE ANALYSIS

To test the ability of the baroreceptor model, introduced
in Section 2 to reflect the qualitative features of the
baroreceptor firing rates observed in experiments, we
study the response to the following pressure inputs: a
step-increase and decrease, a sine wave, and a con-
tinuous ramp. With these stimuli, it is possible to show
that the model under investigation is able to reflect all
the main static and dynamics features listed in Section
2.1. Figure 2 shows data (adapted from previous studies
by Brown [1978, 1980] and Seagard [1990]) from the
three pressure input types and Figure 3 shows similar
responses obtained with the proposed model.

We begin the testing the model’s response to a
pressure step increase and decrease (Figures 2 and 3,
top panels). A step change (either an increase or a de-
crease) is one of the most commonly used pressure sti-
muli for studying the activity of the afferent barorecep-
tor nerves. The response to this stimulus has been dis-
cussed in several previous studies (Franz 1971, Clarke
1968, Brown 1978, Brown 1980, Taher et al. 1988).
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Figure 2 (top panel) shows a typical experimental result
(from Brown 1980). For comparison, our model shows
similar dynamics including overshoot, threshold, adap-
tation, post-excitatory depression, and saturation. It
should be noted that similar to the experiments, the
adaptation occurs with different time-scales in response
to a step increase or decrease, respectively. One aspect,
not shown here, is that the steady-state discharge de-
pends only on the level of the stimulus, which is in ac-
cordance with the experimental observations by Brown
etal. [1976].
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The model also predicts a threshold pressure with
steady discharge, i.e., the minimum pressure value nee-
ded for obtaining a steady nonzero discharge. This fea-
ture has been observed by (Landgren 1952). Most of the
model’s dynamics stems from the equations predicting
viscoelasticity of the nerve endings, and therefore it is
typically assumed that the firing rate modulation is
mediated by the coupling of the nerve ending with the
arterial wall. Next we test the model’s ability to predict
the response to a ramp pressure profile (Figures 2 and 3,
center panel).
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Figure 2: Typical baroreceptor response to a step (top;
from Brown 1980), ramp (center; from Brown 1978),
and sinusoidal (bottom; from Seagard 1990) pressure
stimulus. The response to a step change (either a step
increase or decrease) shows that the baroreceptor ex-
hibits threshold, overshoot, adaptation and post-excita-
tory depression. The ramp response shows that the fi-
ring discharge saturates, and the sinusoidal response
shows that in the lower frequencies discharge to disap-
pear.
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Figure 3: Baroreceptor responses obtained with the pro-
posed model. Model responses shown here are designed
to qualitatively predict similar dynamics as those ob-
served experimentally (see Figure 2). Top shows results
to a step increase and decrease; the center panel shows
results to a ramped pressure stimulus, and the bottom
panel shows the response to a sinusoidal stimulus.
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The continuous ramped up pressure input is another
commonly used stimulus, see previous studies by Clar-
ke [1968], Coleridge et al. [1981, 1987], and Seagard et
al. [1990].

As noted in the introduction, two physiological
arguments can be used to explain why saturation occurs.
First, the arterial wall can only deform finitely, baro-
receptors are imbedded in the arterial wall, and thus,
beyond a certain pressure stimuli the wall will no longer
expand and neither will the baroreceptor nerve endings.
This property can be incorporated, by imposing nonli-
near elastic response within the viscoelastic model pre-
dicting arterial wall strain. Saturation has been de-
scribed in previous studies, see (Kalita and Schaefer
2008, Valdez-Jasso 2009). Second, as described in the
methods section, the refractory period following the
firing of the neuron causes saturation. This phenomenon
has also been observed previously; see (Koch and Segev
1998, Izhikevich 2007). As illustrated on Figure 3, we
noted that both elements are well reflected in the
modeling proposed model. This figure also shows thres-
hold, as the discharge does not take place until the mini-
mum value of the stimulus is reached.

Finally, we tested the dynamic response using a
sine wave pressure profile as the stimulus. Comparison
of Figures 2 and 3 (bottom panels), show that the model
is in qualitatively agreement with experimental observa-
tions (Brown et al. 1978, Franz et al. 1971). The model
predicts a time-varying firing rate that ceases when the
pressure is below a given threshold. In addition to the
result depicted here we tested the model using pressure
waves with varying amplitudes, results showed that the
firing rate is sensitive to the rate of change of the stimu-
lus. This observation is in agreement with observations
by Landgren [1952], Spickler and Kezdi [1967].

4. CONCLUSION

In this study we introduced and analyzed a new model
predicting dynamics within the afferent pathways of
baroreflex regulation. The main focus was on predict-
ing firing of the afferent baroreceptor nerves. By using
various pressure profiles we tested our model’s ability
to reproduce the main qualitative features reported in
the literature, and we observed that our model is able to
reproduce all known observed features including: thres-
hold, saturation, overshoot, adaptation, post-excitatory
depression, and sensitivity to the rate of change of the
stimulus. We also showed that the firing rate model has
potential to be coupled with an efferent model allowing
prediction of heart rate. The efferent model can either
be the existing model presented in section 2.3 (Olufsen
et. al. 2006), or any model that utilizes the afferent
firing rate to predict heart rate. In future studies, we will
test this model’s ability to predict heart rate observed in
both rat and human data.
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